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Section |

10 marks
Attempt questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1.

A ball of mass m kilograms is projected vertically up from ground level.

The forces acting on the ball as it moves up are its weight mg and the air resistance

mkv?where v m/s is its speed and k is a positive constant.

The distance of the ball from the ground at time t seconds is x metres. The positive direction
is taken to be upwards. What is the equation of motion?

Aﬁ_ k'z
B =gt

5 dv e’
(B) - T mg - mkv

C @_ k'z
© 2= g+hkv

D ﬁ_ k'z
O =gk

A particle is moving in simple harmonic motion. The velocity v of the particle is

givenby v = 1 + 3 cos (Zt — g)

Which of the following is the first time the acceleration of the particle is a maximum?

(A 5

(B) —

(©)

" IE

(D)

Ll
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3. Consider the vector u =2pi — pj+2pk, where p is a positive constant.

Which of the following vectors has the same direction as u =2pi — pj +2pk, but for which
its magnitude is 3?

2p
(A) 3p(—p)
2p

2p
(B) p(—p)
2p

2p
Cc —|-»r
1% 2
2p
3
(D) —(—p)
P\ 2p



4.
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In the Argand diagram the point P represents a complex number.

.\ 4
1+ . .
When this number was multiplied by ( 2—‘/_21) (21 )5 it gave a new complex number.

y
Q.

S .

Which of the following points represents the new complex number?

(A)Q
(B) R
©T

(D) S

Consider the statement: “For all quadrilaterals, if the four angles are right angles,
then the quadrilateral is a rectangle.”

Which of the following is the contrapositive of the statement?

(A) There exists a quadrilateral such that the four angles are not right angles
and the quadrilateral is not a rectangle.

(B) There exists a quadrilateral such that the quadrilateral is not a rectangle and
the four angles are not right angles.

(C) For all quadrilaterals, if the quadrilateral is not a rectangle, then the four
angles are not right angles.

(D) For all quadrilaterals, if the four angles are right angles, then the
quadrilateral is not a rectangle.



Mathematics Extension 2 Trial HSC 2023

6. Consider the statement: “V x € N, x is even = x2(x? + 4) is divisible by 16”.

Which of the following is the negation of the statement?
(A) 3x €N, xisnotevenand x2(x? + 4) is not divisible by 16.
(B) 3x €N, xisevenand x2(x? + 4) is not divisible by 16.
(C) V x €N, x iseven and x2(x? + 4) is not divisible by 16.

(D) V x €N, x iseven or x?(x? + 4) is not divisible by 16.

1. Given that « is a complex root of the equation z3 = —i and Re (a) > 0, simplify
a? - ia
as + 2a
(A) —2i
B) 21
C —i
(D) i
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8. The diagram shows the solution of an equation as traced out by the point P(z). The path
traced out by the point P representing the complex number z is a three-quarter circle.

Which of the following could be the equation?
(A) Arg(z—a)—Arg(z—pB)=0
(B) Arg(z—a)—Arg(z—B) =7

(C) Arg(z—a)—Arg(z—p) =

S =T ST

(D) Arg(z—pB)—Arg(z—a) =
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2
9. Consider the vectors 0A = (—1) and OB with |EB’ | = 3.
3

Given that 0A. OB = 6, find in square units the area of triangle OAB?

(A) 310
314

2

(B)

—

3J10
© =%

—

3./10
2

(D)

10. Consider the complex number @ = (1 + iv3 ) (v3 + i )", where p is an integer.

What are the values of p for which a is purely real?

(A) p = —2 + 6n, where n is an integer.
(B) p = 2 + 6n, where n is an integer.
(C) p = —2+ 3n, where nis an integer.

(D) p = —2 + 12n, where n is an integer.

End of Section |
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Section 11

90 marks
Attempt questions 11 — 16
Allow about 2 hours 45 minutes for this section

Answer each question in a separate writing booklet.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks)  Use a SEPARATE writing booklet Marks

. TT T
(a) Consider the complex numbersa =2 e'6and g =2¢€'3. 2

Find the value of a® + B2, giving your answer in the form a + ib.

(b) (i) Prove n*+5nis divisible by 6 for all integers n>1using mathematical induction. 4

(i) Consider the statement P(n) in the set of integers. 2
“If 2n® + 40n is multiple of 96, then n is even.”
Prove that the converse of P(n) is true.

sin 2x + sinx
(©) Find [ dx. 2
2cosx+1

(d) Shade the region on the Argand diagram where the two inequalities 2
|z—2+1i| <2 and Im z = 0 both hold.

(e) Consider the two vectorsa=2i—2j+kand b=«i+ gk. 3

If the angle between the two vectors aand b is% and |b| = V2, find the

possible values of a and .

End of Question 11
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Question 12 (15 marks)  Use a SEPARATE writing booklet Marks

(a) A particle starts at the origin with velocity v = 3 and acceleration given by 3
a =v+ 36 — v?, where v is the velocity of the particle.

Find an expression for the velocity v in terms of the displacement x.

(b) Two lines, L1 and Lo, are represented respectively by the following vector equations:

p —6 -2 -1
n=l-2|+4 2|andr,=|-8|+4,| 2|where 4 and4, eR.
q -5 -4 -2

The two lines intersect at the point A(—2r,r,—4r).

(i) Find the value of r and hence write down the coordinates of A. 2
(i) Hence, find p and q. 2
(¢) Solve iz? — (i —2) z + 1 + 3i = 0. Give your answers in the form a + bi, where 4

a and b are real.

)
¢ 3

(d) Evaluate j —dx. 4
’ 8cosx+10

End of Question 12

10
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Question 13 (15 marks)  Use a SEPARATE writing booklet Marks

(@) The complex number z=—2 + i is aroot of z% + 2z2 + pz + q = 0, 3
where p and q are real numbers.

What are the values of p and q?
(b) The sphere H has its centre A (—2, —1, 1) and passes through B( 1, 5, 3).

(i) Find the cartesian equation of H. 2

(if) The intersection of sphere H and a second sphere K with equation 3
(x+2)+@—-3)+(z—1)% =25 isacircle.

Find the equation of the circle.

(c) (i) Showthat cos(a+ )+ cos(a — ) = 2cosa cosp. 1

(if) Hence, or otherwise, find all the solutions of: 3

3x x . X
cos — + 2 cos 151nx+cosz=0 for0 < x < 2m.

Question 13 continues on page 12

11
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Question 13 (continued)

(d) The diagram shows a small cone on the top of a larger cone. The two cones have 3
a common axis of symmetry passing by the centres R and S of their circular bases
and their common apex P.

The top cone has a radius r and height h and the bottom cone has radius 2r and
height 2h.

Show that PA + PB + PC + PD + PE + PF + PG + PH = 2PS.

End of Question 13

12
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Question 14 (15 marks)  Use a SEPARATE writing booklet Marks

(@) A particle is moving along the x axis in simple harmonic motion centred at x = 2 and 3
with amplitude 5.

The velocity of the particle is given by v2 = p + 8x — qx?2, where p and q are
constants.

Find the exact numerical value for the period of the motion.

(b) The shaded region is enclosed by the curvesy = 2sin"tx,y = 2sin™! (;—C)
and the line y = m in the first quadrant. It is divided into two parts A, and 4,

by the line y = p where g< p <.

Ya

y=2sin"tx

0

The volumes of the solids of revolution formed when the two areas A, and 4,
are rotated about the y axis are respectively V; and V, and V; = 2V,.

Given that sinp ~ p? — 2p — 1.06612, find the value of p correct to 5 decimal 4
places.

Question 14 continues on page 13

13
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Question 14 (continued)

(c) Prove by contradiction that % is irrational. 3
(d) Provide a non-inductive proof as to why 12™ > 5™ + 7" for all integers n = 2. 2
(e) Prove the following logical equivalence for n a natural number: 3

“n + 6is a positive odd integer if and only if n + 21 is a positive even integer”.
Explain your reasoning carefully.

End of Question 14

14
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Question 15 (15 marks)  Use a SEPARATE writing booklet Marks
(@) 1t is given that 3* > x+In (x)for x> 0. By forming a series of n inequalities, show 4
that 3™ >n? +n+3+2In(n!), where n is a positive integer. Do NOT use induction.

(b) Two particles P; and P, start moving from a point A at the same time, along
different straight lines.

The positions of P, and P, at a time t are r, and r, respectively as shown below, where

-2 lna -2 2+ Ina
n = (—1)+ t ( i’.na) and r, = ( —1)+t(2+ 2ina )
~ 3 2 - 3 3lna

After one second the distance between the two particles is 6 m.

a>1.

(i) Show that [na = 2. 2
(if) What is distance between the two particles after 2 seconds? 2
(c) A particle P of mass m kg is projected vertically upwards from the origin O with initial 3

velocity v, ms~1in a certain medium.
The particle is subject to both a constant gravitational force mg and a resistant

force m E where v ms~1 is the velocity of the particle at time ¢ after being

projected and g is the acceleration due to gravity.

The equation of motion is m =—-mg—m /

i = _ 9 1
(i) Show that t = — [ pranrAl

(ii) By using the substitution u =,/ gv in the above integral, show that t and v are 3

related by the equation:

t =2 (Jgu — Jgv) + 247 ln(‘g jé’_)

(iii) Hence, find a completely simplified algebraic expression for how long it takes the 3
Vo Vo
particle to drop its velocity from ry to 81

End of Question 15

15
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Question 16 (15 marks)  Use a SEPARATE writing booklet Marks

(@) Prove that the sum of the squares of three consecutive integers that are even and 2

positive, always gives a remainder 8 when divided by 12.

(b) A particle is initially at x :%and has an initial velocity 1 ms™" .

. L -1 .
The acceleration of the particle is given by a = 2 where x metres is the

displacement of the particle from the origin.

3
. d 1-
(i) Prove that = = al
dat X

(i) Using the substitution x = sin?0, show that the time T taken for the particle to 4

reachx =1isT = (i; + % ) seconds.

Letl, = [ —2 . dx wheren =
(©) etfn—fom x Wheren = 1.

. 1 n—2

(i) Showthatl,,; = ™ + o I, 4

Y i Ax” _, _Bx here A and B

Ou may use = , where A and B are
YUe Qe+ T (- )y T (2- 2yt

constants to be determined.

. . . 1 x3 2

(if) Hence, or otherwise, find the exact value of f —— dx

° (2-2)

End of Paper

16



2023 Year 12 Mathematics Extension 2 Task 4 Trial -Worked Solutions

The following solutions are typical of what a competent Extension 2 student would demonstrate in an assessment

setting. They are not meant to be exhaustive nor do they reflect ‘best practice’. The algebra is deliberately laboured to
accommodate the needs of all candidates; at least that is the goal.

1. D

We take the positive direction as upwards. The forces
acting on the ball are gravity mg which is acting
downwards which means it is negative and also air

resistance of mkwv? which is against the direction of
the motion, which is also negative.
Projecting these forces vertically, we get

ma = —mg — mkv? buta = % - This means
X _mg— 2 is & o _g— kp?
m—-=-—mg mkv* that is =9 kv

Hence, the correct option is D.

2. A

Asv=1+3cos(2t—%) then

a=-6sin (Zt - %)
The graph of acceleration versus time is shown below.
a

b
sla 4
SRS
a

The maximum value of the acceleration is 6, so to find the
time the acceleration of the particle is a maximum, we let
a=6.Weget

—6 sin (2t —%) —6

sin(Zt—%) =-1= sin(—g )

2t—%=—g+2nn or2t—%=n+§+2nn
s m
2t=—Z+2nn 2t=T+2nn
s 4
t=—§+n7t t=§+nn

7. -
Whenn = 1,t = ?n is the smallest positive value for t for
which the acceleration is a maximum.
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7, o .
Consequently, t = ?” is the first time the acceleration of
the particle is a maximum.

Hence, the correct option is A.

3. C

The vector that has the same direction as v, and so it
must be of the form

2p
k (—p > ,where k is constant real number.
2p

The length of this vector is

k\/(2p)? + (—p)? + (2p)?

= k/4p? + p? + 4p?
= 3kp as p is a positive constant.

As the length of this vector is 3 units then 3kp = 3

Zp
thatis k = %. Therefore, the required vector is % (—p)

2p
Hence, the correct option is C.

4. D
4
i\4 VZcisZ
: ;T ll) — [ 4
1+l—\/§as4so(2ﬁ —( 2\/3>
_(1)4 C4m 1
=3 cis 7 —16asn

(2i)% =32i° = 32i=32cis(5)

-\ 4
1+1 -\5 1 (n)
Hence, 20 = —cismt X 32cis| -
( 242 ) ( ) 16 2

= 2cis (3;)

So, the new complex number will be twice as far from the

origin as P. Also, the new complex number will have an
_ 3m , . .
argument which is rotated > radians anticlockwise from

O. This indicates that the new complex number will be at
point S.

Hence, the correct option is D.



5. C

For a statement “For all, if P then Q “, its contrapositive
statement is “For all, if not Q then not P ”.

So, as the statement is “For all quadrilaterals, if the four
angles are right angles, then the quadrilateral is a
rectangle”, the contrapositive statement would be “For all
quadrilaterals, if the quadrilateral is not a rectangle, then
the four angles are not right angles.”

Hence, the correct option is C.
6. B

Consider the statement “ For all values of x, which are
elements of the Natural numbers, if x is even then
x2(x? + 4) is divisible by 16.”

The negation statement would be “There exists a value of
x, which is an element of the Natural numbers, such that if
x is even then x?(x? + 4) is not divisible by 16.”

Hence, the correct option is B.

7. A

Let z = rcis 6 this means z3 = r3and—i = cis —g

So, z3 = —i can be written as r3cis 36 = cis (—§+ 2kTr).

This indicates that 73 = 1 which meansr = lasr > 0

and cos 30 = cos (—g + 2k7r) with k € Z.

—_T icg=_T T ,._57
So, 30 = 2+2k7tthat159— s 5 0r——.
Therefore, the three roots of z3 = —i are cis (— g)

T ] 5t
ClS (E) or CLS (— ?)
The diagram below shows the three roots of the equation

3

z° = —i. Of these three roots a; = cis (— g) and this is

the only root with Re(a) > 0.

y A Imaginary axis

SX
17Real axis
a, a

So, a = cis (— %)

Therefore, a? = cis (— —)

cos(—z) +isin(—g) =1—§ i

2023 Year 12 Mathematics Extension 2 Task 4 Trial - Solutions

- . T . T . 2m
A|SO, La =ClS (—) X cls (—) = ClS (—)
2 6 3

=cos(2—n)+isin(2—n)=—l+£ i.
3 3 2 2

From the above, a? — i&z%—g i—(—%+g i)
=1-+3i
Now, a® = cis (—S?n) = cos (—S?n) +isin (—5?”)

So, a5+2&=—§—%i+\/§+i
=§+§
a’?—ia@ _ 1-+3i _ 2(1-+/31i)
Therefore, 51 22 _§+%i N
_2(1—\/§i)x\/§—i
V3+i V3 =i
_ 2(V3=i-3i—v3)  2x—4i
o 3+1 It
= —-2i

Hence, the correct option is A.

8. B y

e

z lies on the circumference of a circle, radii from o and 3

meet at the centre atg radians. This means the angle at z

T . . .
must be " radians as the angle at the circumference is

half the angle at the centre when subtended by the same
arc.

OR

z — «a represents the vector from « to z.

z — [ represents the vector from S to z.

Using the exterior angle of a triangle, we can see that the
angleatz = Arg(z — a) — Arg(z — B)

So, Arg(z —a) —Arg(z—pB) = %

Hence, the correct option is B.



9. D

04| =VE+1+9 = VT4
As OA.OB = |m||ﬁ|6059 then 6 = V14 x 3 X cos8;

2 —_— . .
E.As OA.OB > 0andas #isan anglein

a triangle, then 8 is acute. By constructing a right angle
triangle in the first quadrant and using Pythagoras theorem,
we get

thatis, cos @ =

Va
2
a=[(V14)" - 22 =+10.
., W10
Hence, sin 0 = T V14 .
RO ROR Y
So,A—2x3>< 14X«/ﬁ_ . A
Hence, the correct option is D. 0 > >

10. A

1+i\/§=26isg and
V3+i= 201’5% that is

T
(\/§+i)p = 2P cis%

So, a = (1+i\/§)(\/§+i)p
p_ﬂ.'
6
=2P*l¢is (g+%)
=2p+1(cos(z+ %)+isin(§+ %))

. T .
=2czs§ X 2P cis

3
a is purely real when I'm () = 0; that is,

in (4 P
sm(3 + " ) 0
sin(§+ %) = sinnm, with n e
So 24+ & —pp
3 6
Multiplying by gon both sides , we get

2+p =6n thatisp = -2 + 6n.
Hence, the correct option is A.

QUESTION 11

g3 i
a) a=2e' and p = 2es
a=2cis% and ﬁ=2€is§
a3=8as§ and p3=8cism
a’+p3 = 8(cis §+asn)
=8 (cos§+ i sing + cosm+i simr)

=8(0+i—-1+0)=-8+8i
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b) (i) We will use mathematical induction to prove the
statement that n3 + 5n is a multiple of 6.
Forn=1,weget13+5x1=6,whichisa
multiple of 6. So, the statement is true forn = 1.
Assume the statement is true for n = k, that is
k3 + 5k = 6p, where p is a positive integer.
Forn =k + 1, we get
nd+5n=(k+1)3+5(k+1)
=k3+3k?+3k+1+5k+5
=k3+5k+3k?*+3k+6
=6p + 3k(k+ 1) + 6 (from assumption)
=6(p+1)+3k(k+1)
Now, k(k + 1) is the product of two consecutive integers.
So, one of them must be even and this indicates that
k(k + 1) is always even.
Therefore, k(k + 1) = 2r, where r is a positive integer.
So,n*+5n=6(p+1)+3X2r
=6(p+1)+6r
=6(p+1+7r)=6hwhereh € N.
Therefore, if the statement is true for n = k, it is also true
forn=k+ 1.
The statement n® + 5n was proven true forn = 1
and by mathematical induction it is true forn =2,n =3
and so on. Hence, it is true for all integer valuesn > 1.

b) (i)

The converse of P would be “If n is even, then
2n3 + 40n will be a multiple of 96 “.
Proof:
Asn iseven, letn = 2m, where m is an integer.
So2n3+40n = 2(2m)3 + 40 x 2m
=2x8m3+80m
=16 (m3 + 5m)
Now, in order to prove 16 (m3 + 5m) is a multiple
of 96 we need to prove that m3 + 5m is a multiple of 6.
We appeal to the inductive result in (b) (i).
Hence, the converse of P whichis “ If nis even, then
2n3 + 40n will be a multiple of 96 “ is true.

¢) sin2x 4 sinx = 2sinx cosx + sinx
=sinx (2cosx +1)

sin 2x + sinx sinx (2cosx +1)
J ———dx= | dx

2cosx+1 2cosx+1

= [sinxdx =—cosx+c



d) |z—2+1i| <2 isequivalentto |z — (2 —i)| <2
which describes all values for z, where the length of the
vector from 2 — i to z is less than, or equal to, 2 units
long.

This is represented as a circle with radius 2 and
centre(2,—1) on the Argand diagram.

Im(z) < 0 represents all points below the Real axis on
the Argand diagram. The graph below shows the region
where both of these conditions hold simultaneously.

71

e) ab=]alx |£|XCOSQ

Aslal = VETET =3 =3

and |Q| =+/2 then

g-£=3ﬁcos%=3ﬁ x\/%=3

Also, a-b = 2a + [ and this indicates

2+ =3 (1)

Since. |b| = \/Eandg = a£+ B k then
m = +/2. By squaring both sides , we get
at+p%2=2 (2

Now, we need to solve two equations (1) and (2)

simultaneously to find a and £5.

From (1), we have f =3 — 2a
By substituting this equation in (2), we get
a’> +(3-2a)?=2
a?+9—12a + 4a? =2
5¢2—12a+7=0
Ga-—7)a—-1)=0
So,a=§ ora=1.
Now, when

7 7 1
(X—E,ﬁ—3—2>( E—E

Also,a=1,=3-2x1=1

2023 Year 12 Mathematics Extension 2 Task 4 Trial - Solutions

QUESTION 12

a) a=v%=v\/36—v2thatis %=\/36—v2
dx 1 v
—_ = — i —cin~1( 2
So, T mthath sin (6)+c
When t=0, x=0and v =3

3
0=sin"? (_) +
sin 3 c

TC TC
0 =—-—+4 cthatisc = ——
6 6

TC

Therefore, x = sin™?! (g) -2

. E_ P E
thatlsx+6—sm (6)

this indicates sin (x + g) = E

Hence, v = 6 sin (x +g).

-2 -1
b) i) Theline 1, = ( —8> +/12< 2 ) passes
~ —4 -2

through the point A (—2r, r, —4r) this means

—2—A,=-2r (1)
—84+20,=r (2
—4 -2}, =—4r (3)

By solving two of these equations simultaneously we
can calculate the value of A, at A and the value of r.
Multiplying (1) by 2, we get —4 — 24, = —4r (4)
Now, by adding ( 4) and ( 2), we get

—12 = —3r; thatis, r = 4.

Also,—2 — 1, = —8thatis 1, = 6.

Hence, the point Ais (—8,4,—16).

ii) The line r; passes through the point A.
W\

So, by substituting the point coordinates of A we can find
the value of 4, at A and hence we can the values

of pand q.

p—64;,=—8 (5)

—-2424, =4 (6)

q—54=-16 (7)

From ( 6), we have —2 + 2 1; = 4 thatis 2 A; = 6 which
means 1, = 3.

From ( 5),we have p — 61, = —8thatisp — 18 = —8
which means p = 10.

From ( 7),we have g — 5 1; = —16 thatisq — 15 = —-16
which means g = —1.

Hence, the vector equation for L is

10 -6
,7:’1 =|-2 +/11 2 |
-1 -5



c) Wecansolveiz? —(i—2)z +1+3i=0
using the quadratic formula.
_i=2+/(i-2)2-4i(1+3D)

21
i—2 +vV—-1—-4i+4—-4i+12
Z = p
21
i—2 ++v15-8i
z= , (1)

21
Now, let (a + ib)? = 15 — 8i
a’?—b%?+2abi=15-8i
Equating reals, we get

a’?-b*2=15(1)
Equating imaginaries, we get
ab =-4 (2)

Equating moduli, we get

a’+b? =17 (3)

(1) + (3) gives

2a? = 32 thatisa? = 16

So, a =14.

Now, whena = 4,b = —1 and
whena=-4b=1
So,V15—8i=+ (4—1) (4)

By substituting (4) in (1), we get

=2 +(4-0)
- 2i
i—2+(4-1) i—-2—(4-1)
=0 ZzZ=——
2i 2i
2 2i—6
Z =—0r Z=—
2i 2i
2 i 2i—6 i
Z=— X-0rz= - -
20 i 20 4
z=—lor z= 1+4+3i
T
- 3
d) 2 ——— dx

0 8cosx +10

X dt 1 X .
Lett = tan= so — = = sec? =.This means
2 dx 2 2

dt =2 (1+tan?3) dx; that s, dt = - (1 + t)dx
dx = —— dt
Whenx=§, t=1 andwhenx =0, t =0.
1-t
1+t
8-8t2 10+ 10t2
T+ 1+ t2
_18+2t7  2(t*+9)

14+ t2 1+ t2
3

3
8cosx + 10 2(9 + tz)
1+t
3(1+1t?)
~209 + t?)

2
Also,8cosx + 10 = 8 x -+ 10

This means
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£ _f13(1+t2) 2

0 2(9+¢t2) 1+t2

1 3
“h e

So 2 2 @
fO 8cosx + 10

QUESTION 13

a) 234+ 2z2+pz+q=0(1)
As p and g are real, all coefficients are real. Hence if
—2 + i isaroot, then its complex conjugate —2 — i
must also be a root.
Now, let @ be the third root.
Sum of therootsis —2+i —2 —i+ a = — 2.This
means — 4 + a = — 2; thatis, a = 2.
Product of the roots is
(=2+4+i)(-2-i)(2)=—qthatis—q = 2(4 —i?)
So, g = —10.
By substituting in (1) the root z = 2, we get
8+ 8+ 2p—10=0thatisp = -3.
Alternative method
(z+ 2 —1i)and (z + 2 + i) must be factors. That means
their product (z+2—i)(z+2+i) = (z+2)? —i?
=z2+4z+4+1
= z% + 4z + 5Sis also a factor.
Now, by dividing (1) by z2 + 4z + 5, we get

z—2
z2+4z+5)2° +22° +pz+q
z3 +4z% + 5z
—2z2+(p—-5)z+q
—2z% — 8z - 10

(p—5+8)z+qg+10
As the remainder should be zero then
p—5+8=0and g+10=0
So,p=-3 and g =—10.

b) i) The radius of the sphere H is
r2=(1+2)2+G+1)?+ B -1

r? = 49; that is, r = 7 as the radius is positive.
Hence, the equation of this sphere H is
(x+2)?2+(y+1D?+(z—-1)%2=49(1)

i) By subtracting (x + 2)? + (y + 1)2 + (z— 1) = 49
and (x + 2)2+ (y —3)? + (z — 1)? = 25, we get
+1)*=(y—3)*=24
y2+2y+1—y?+ 6y —9 = 24; thatis, 8y — 8 = 24.
So, y = 4. This indicates that the circle lies on the plane
y = 4 parallel to the xz plane with fixed y = 4.
Therefore, the equation of the circle is
(x+2)2+(z-1)2%=24andy =4.
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c) i) cos(a + B) + cos(a — B)
=cosacosf —sinasinf +cosacosfS —sinasinf
= 2 cosa cospf.

ii) Using part (i) and let a + § = %x ¢D)]
anda—,[)’zi—c (2).
Now, by adding (1) and (2), we get

3x

2a=xthatisa=§and ﬁ:——§=

X
4 4

3x X X X
Therefore, cos— + cos= = 2 cos=cos~-.
4 4 2 4
3x X . x
So,cos — + 2cos =sinx + cos = =
4 4 4
=0

0
becomes 2 cos % sinx + 2 cos %cos fz

2 cos z (sinx +cos; ) =0

2 cos l (2 sinfcos£+cos£ ) =0
4 22 2/

2 cos % COS% (2 sin§+ 1) =0

. X X . X 1
This means cos 2= 0, cos 5= 0or sin = —-

=242nm ori=-Z+2nm
2 4 2
n+8nmor x=-2n+8nmw

2
n=0,x = 2m is the only valid solution.

X T
cos —=0=cos —

2 2
Z=I4onm or I=-Z4onn
2 2 2 2
x=m+4nmor x=—n+4nn
n = 0,x = m is the only valid solution.

X 1 T
sin -=——-= sin |——

2 2 ( 6)

X T

S=-Z42nm or c=m+-+2nn
2 6 2 6

T 71
x=—§+4n7r or x=?+4nn

There is no valid solution.
Hence, the only valid solutions in the domain
0<x<2mare x =m or 2m.

d) From the diagram

PA =PS +SA and PC = PS + SC. This means
PA+PC =PS +SA+ PS+5C

Now, as SA and SC are equal radii, but in opposite
directions this means SC = — SA and this indicates
that PA+ PC = PS +SA+ PS— SA=2PS (1)
Similarly, PB + PD = 2PS (2)
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Also,ﬁ = PR + RE and PG = PR + RG
Now, as RE and RG are equal radii, but in opposite
directions, this means RG = — RE and this indicates
that PE + PG = PR + RE + PR— RE =2PR  (3)
Similarly, PF + PH = 2PR (4)
By adding (1), (2), (3)and (4), we get
PA+ PBE+PC+ PD+ PE + PF +PG + PH
=PA+ PC+PB+ PD+ PE + PG +PF + PH
= 2PS + 2PS + 2PR + 2PR
= 4PS+4PR (5)
Now, as RS is a straight line and PR = h and PS = 2h
this means that 2PR = —PS.
By substituting 2PR = —PS in (5), we get
PA+ PBE+PC+ PD+ PE + PF +PG + PH
= 4PS — 2PS = 2PS

QUESTION 14

a) Asthe motion is centred at 2, and has amplitude 5, the

velocity v will be zero at the extremities of the motion;

thatis, whenx = 7 and x = —3.

Hence, p + 56 —49q = 0; thatis p —49q = =56 (1)

andp — 24 —9q =0; thatisp — 9q = 24 (2)

By Subtracting (2) from (1), we get

—40q = —80 So,q = 2.

By substituting in (2), we get

p—18 =24 So,p =42.

Now, by substitutingp = 42and q = 2 in

v?2 = p + 8x — qx?, we get v? = 42 + 8x — 2x?

that is %vz =21+ 4x — x?

a(3v*)
dx

a=4—-2x= -2((x-2)

Therefore, n? = 2; thatis,n =2 asn > 0.

Hence, the period T = 27” and thismeans T = 2r _ V2.

vz
OR
1
d (=v? 4
(2 )= —q [X ——j. Since the motion is centred at 2
dx q

and comparing with X = —n? (X— Xo)we seethatg=2

By using a = , we get

and hence N = JE, etc.

b) A volume formed by rotating a function about the y axis

is found using V = nfcd(f(y))zdy. So we will need to
rewrite the functions with x as the subject.



y=2sin"lx  and y =2sin™!
. - . -1 X
Y =sin~lx and Y =sin71Z
2 2 2
X .
x = sin2 and X =sinZ
2 2 2
x? =sin2§ and x? =4sin2%

Vlznf(f4sin2%—sin2% dy
V1=3nf0p sinz%’ dy
V1=3nfop%(1—cosy) dy
Vi =y - sinylp

Vi =7 —sinp)

3w

Similarly, V, = 7[31 —siny |}
V,=Z[(m—0) - (p—sinp)]
v, =32—n(n—p+sinp)
Now, as V; = 2V, then
g’z—n(p—sinp) =2 ><3Tﬂ[7r—p+sinp]
p—sinp =2m —2p + 2sinp
3p — 3sinp = 2m
3sinp =3p —2m
sinp = p — - butsinp ~ p? — 2p — 1.06612, and
this means p? — 2p — 1.06612 = p — =
Thatis 3p? — 6p — 3.19836 = 3p — 21
3p2 —9p + 2 — 3.19836 = 0
Using the quadratic formula, we get

p = 2.60532 or 0.3946.
But 0.3946 ... < g , which means that

p = 2.60532 (5 d.p.) is the only valid solution.

c) Assume that V3 is rational. Let /3 = s, where p

and q are positive integers with no common factor.

3
By cubing both sides, we get 3 = 5—3 , thatis 3¢3 = p3. (1)

This shows p3 is a multiple of 3 and this indicates that p is
a multiple of 3 appealing to Euclid’s Lemma. Therefore, p
could be written as 3r.

By substituting p = 37 in (1), we get

33 = 27r3 thatisq® = 9r3 =3 x 313

This means that g3 can be divided 3, and so appealing to
Euclid’s Lemma once more, we conclude g can be divided
by 3. From the above, we can say that 3 is a common
factor of p and q, but from our original assertion, p and q
have no common factor, other than 1, and so there is a
contradiction.
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3 o . . . .
Hence ,¥/3 is not rational; so it must be irrational.

d 12" =G+ 7)"
= (g) 5" + (7;) 571 x 7 4 (721) 572 x 72 4+

...+(nf1)x5x7”‘1+(2)7”

As () = (%) = 1 then

G+ =5"+ ()5 x7+(5) 5" x 72+

...+(nﬁ1)x5x7"‘1+7"

)Sn_l X7+ (n) 5" x 72 +

Since (n 2

1

n
-t (n N 1) X 5 x 7" 1 is a sum of positive terms

then (5 + 7)™ = 5™ + 7™ + Sum of positive terms. This
indicates that (5 + 7)™ > 5™ + 7"; that s,
12™ > 5™ 4+ 7™ for all integers n > 2.

e) In order to prove P < Q is true we need to prove that
P = Q and Q = P are both true.

So, let us now prove P = Q; that is,

“n 4+ 21 is a positive even integer if n 4 6 is a positive odd
integer.”

Letn + 6 be a positive odd integer. This means
n + 6 = 2r + 1, where r is a positive integer. Then
n = 2r — 5 with r > 2.5. (Why?)and so:
n+21=2r-5+21
=2r+16 = 2 (r + 8), which is even.
So, n + 21 is a positive even integer if n + 6 is odd.
So, let us now prove Q = P; that is, if n + 21 is a positive

even integer, then n + 6 is a positive odd integer.

Letn + 21 be a positive even integer. Thenn + 21 = 2p
, where p is an integer and this means n = 2p — 21 with
p >10.5. (Why?)

Soon+6 =2p—21+6
=2p—15
=2p—2x8+1
=2 (p —8) + 1, which will be odd for all

integer values of p and certainly for p >10.5. SoIf n + 21
is an even positive integer, then n + 6 is a positive odd
integer.

Hence, the logical equivalence is true.
7



QUESTION 15

a) From the statement 3* > x + Inx
Whenx =1, 31>1+1In1
Whenx =2, 32>2+1In2
Whenx =3, 3*>3+1In3

Whenx=n, 3" >n+Inn

By adding the terms on left hand side, we get

n_ n+1_
3t 432, 430 = 3D 33
3-1 2

Also, by adding on the right hand side, we get

n 1
1+2+3+..+n:5(n+1):E(n2+n)
and In1+In2..+Inn=In(1 X2 X 3..Xxn)

=Inn!

Hence, by adding all of the statementsforx =1tox =n
3n+1

3512 (n +n) +Inn!
So 3"+1 3> n?+n+2lnn!
Hence, 3™ >n?+n+3+2Inn!

Ina-2 Ina
b)i)When t =1, = <lna—1) & 1y =(2 Ina+1 )
N 5 - 3lna+3
So, after one second the distance between P; and P,

will be

d =22+ (Ina+2)? + (3lna — 2)?

The distance between the particles whent = 1is 6 m, so
by squaring both sides, we get

36 =4+ Ina+4Ilna+4+9n*a—-12 lna+4
36 = 10In?a—8lna+ 12
10In*a—8Ilna—24=0

5m*a—4Ina—12=0

(5na+6)(lna—2)=0

So,lna=—§ or lna=2

Asa > 1,then the only valid answer islna > 0.
So, lna = 2.

b) ii)

Now, by substituting In a = 2 into the equations

-2 2 -2 4
r1=<—1>+t<2> and r2=<—1>+t(6>
~ 3 2 ~ 3 6

2 6
When t = 2, r1=<3>and r2=<11)
~ 7 - 15

The distance between P; and P, after 2 seconds will be
d=(6-2)2+(11-3)2+(15—7)2
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d=12m

- Y o mag—m |
c) i) m—= —mg mg

dv Vv

dt _g_\/_g
‘. ()

dt
dv g* + fgv
dt g

Thi d g
1Ismeans —= ————.
dv g% +.[gv
Integrating both sides, we get
9
dt = f ——dv
f g% +./gv

_ g
t——f—92+mdv (1)

c) ii)
Let u= 1/gv . This means

aw__9_ that is
dv 2\/_
du = ﬁ dv. This means

du = 2% dv so, 2udu = gdv
From (1), we have

t=—/ 2+de that is,
=—J 2+u
u+g —g
-2 [——= pE du
t:_z g+u_L

g*+u  gZi+u

2
t=—2f1— zg du
g-tu

t=-2(u—g%mln (g>+u))+c
t=—-2u+2g*In(g®>+u)+c

t=-2,/gv+2g*In(g*+fgv)+c
Whent = 0, v = v, and this means
0=-2,/gv, +29°In(g*+/gv, ) + ¢
c=29v, —29*In(g> +[gv, )
t=-2,/gv+2g°In(g*+gv)+2.[gv,
—-29*In(g* + Jgv, )

e = 2 (Jgv, - Jg0) + 247 1n<j +j5:;’>

8




.. Vo
ii) When UV = Py

g% + {gv,

16 9g° +
t= — /gv0+2g21n gz 9%
9 9g9° + 9./gv,

Hence, the time taken by the particle to drop its

. v Vy -
velocity from == to —= iS
9 81

9g° + ./gvy 4

—,/gvo+2g ln(gg +9Jg—%>_§ gv,
—24%In < g +\/gvo>
392+ 3./gv,

) g +\/E 3g +3\/E
=3+ 29t (G ) < (S )
1/gvo+2gzln< %9 +\/E)

99 243 gv,
QUESTION 16

a) The most effective way to nominate an even number is
to designate it as 2n, where n is an integer.
This means the three consecutive even integers could be
2n,2n + 2 and 2n + 4, where n is a positive integer. Let
the sum of the squares of these three consecutive even
integers be denoted by S. Our goal is to show:
S =12M +8whereM e
S=02n)? +(2n+2)?+ (2n +4)?
=4n? +4n’ +8n+4+4n*+ 16n+ 16
=12n%+24n+ 20
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=12n%>+24n+12+8
=12(n*+2n+1)+8

:12(n+1)2+8
—12M +8M =(n+1)*

From the result above we can see that the sum of any

three consecutive even integers can be divided by 12 and
leave a remainder of 8

av _ —1
b) i) a= v = 722

Integrating both sides, we get

-1
fvdv— f 2xzdx

1 1
EU2:—§ X_de
1 1

2 =

217 2x+c

Whent =0, x=landv=1.

—1+cthat|sc——l2

2

1 1 1

Sp2—

2 2x 2

v2 =11 thatis, v? = =%
X X

So,v=+ |~ Asv =1 whenx = —
x 2
thenv = |[2=% isvalid; thatis, & = [1=%
dt x

.., dx 1-x . dt x
ii) Y ’_x' that is, il Py
Now, the time T taken for the particle to

X

dx.

1 _ 1
travelfromx=—2tox=1|sT=fi
2

- X

Let x = sin®0 then dx = 2sin 6 cos 6 d6

. 1 .
, sin%0 = = that is,

Nl’—‘

When x =
. T

sinf = \/_E and hence, 6 = "

When x = 1, sin?0 = 1; thatis,

sin@® = 1 and hence, 8 = g
Strictly @ =sin* (ﬁ)or 0 =sint (—\&); that is, two

substitutions are embedded in X = Sil’l2 0.

7
’ 29
f sin >< 2sinf@cosfdo
3 1-— sm
z



T

2 29

f ’ e><251n9c059d9
Vs

z

T= i

sin@
0s 6

X 2 sin 0 cos 6 df since

sin 0&cos€>00n9e{% %}

T
2
T = f 2 sin%6 do
Vs
4
T
2
f(l —cos26)de
Vs
4
1 2
T = [9 —Esin29]7r
T = T (n 1)
2 \4 2
T = ( % + —; ) seconds.
) 1 %3
c) i) In—fomdx
Using integration by parts and letting
u=(Q2-x*)™" and dv = x3 dx
4
du=-n(2—-x?>)"1x 2xdx v= x:
2nx
du = m dx

% g gzyn |t ity 2
SoIn—[4(2 x“) ]0 04><(2_XZ)HJr1 dx
5

Inzl Tlfl X

2 20 (2 — x2)n+1 dx

Now, using the given identity, we get
x5 _ AxB B x3

(2 — x2)n+1 - (2 — x2)n (2 — x2)n+1

Multiplying by (2 — x2)"*1

, we get

x% = Ax3(2 — x?) + Bx®
5 = 24x3 — Ax® + Bx3
5= —Ax>+ (24+B)x3
So—A—l and 2A+B =0
2>< 1+ B =0thatisB = 2.

2x3 4
[f (2 _ xZ)n (2 _ x2 )n+1 x]

I 4 2](2—

L=

n-fo (2 — xZ)n+1 dx
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1 n
n1n+1=Z+51n_In

1 -
Nl =5+—"1Iy

1 n-—2
Ins1 = 5+ 5 I

4in 2n

. 1 x3
II) fO m dx = 12
1

1 -
12=Z+711

1,3
L=| ——=d
! J;) 2—x2

—x remainder 2x

From part i),

—x2 +2) x>+ 0x%+0x
x3+0x2—2x

2x
X3
SO'Z——xZ__x+
1 x3
Il—J;) > 22 dx
1 2x
11=j;) —x+2_ 2 dx

0
1

Il=—§—1n1—(—ln2)

I = 1+1 2

1= 75 n

By substituting I;
we get

+ o+
oL

Nlb—l R

5

~
N
Il

(——+ln2)
n
2
2

Nlb—l B -lal

N

- and this means

= —>+In2in 12=l+
2 4

Multiple Choice Summary Answers

1.D | 6.B
2.A |7.A
3.C |8.B
4.D |9.D
5.C | 10.A
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